Cross phase modulation (XPM) could induce soliton trapping in nonlinear medium, which has been employed to achieve vector soliton, optical switching and optical analog of gravitylike potentials. These results are generally within the definition in Hamilton system. Here, we report on the observation of a XPM-forced frequency-oscillating soliton (XFOS) whose wavelength exhibits redshift and blueshift periodically like dancing in a mode-locked fiber laser under moderate birefringence. XFOS consists of two orthogonally polarized components exhibiting simultaneous frequency oscillation driven by XPM and gain effect, which allows withstanding higher pulse energy.
investigated in fiber lasers, for instance, dissipative soliton resonance, pulsating soliton, soliton explosion, rogue wave, and some other chaotic behaviors [23] [24] [25] [26] . By considering the influence of weak birefringence, vector soliton can be formed in mode-locked fiber laser that is insensitive to polarization [27] [28] [29] . The phase and intensity of two orthogonal polarization components depend on the net cavity birefringence and coupling strength, which can be classified as polarization locked vector solitons (PLVS), polarization rotation vector solitons (PRVS), group-velocity locked vector solitons (GLVS) and so on [28] [29] [30] [31] [32] . Recently, the interplay and trapping of polarized solitons in micro-resonator have also been concerned [33] [34] .
The development of ultrafast diagnostic technologies has inspired the latest advances on dissipative soliton [35] [36] [37] . Sergeyev et al. investigated the polarization dynamics of vector solitons in mode-locked fiber laser and found a new class of slowly evolving vector solitons characterized by a double-scroll chaotic polarization attractor [38] . With dispersive Fourier transformation (DFT) technique, the complex spectrum evolution in terms of the build-up process of soliton [39] [40] , the dynamics of soliton explosions [41] , and the soliton chaotic feature have been resolved experimentally [17] [20] [42] . Triple-state dissipative soliton that periodically switches over consecutive round trips with quite different spectra was reported by using DFT technique [43] .
The single-shot spectral dynamics of vector soliton has also been recorded to show the trapping characteristics [30] . However, the present performance of soliton trapping is not beyond the definition in conservation system, and the birefringence is treated as the perturbation, rather than a dominant factor. In this work, we reported the first observation on a novel soliton operation that pulses spectra exhibit redshift and blueshift alternately in a carbon-nanotube mode-locked fiber laser by means of DFT technique. As it seems to be a typical stable soliton operation with the averaged spectrum, pulse train and radio frequency spectrum, this phenomenon cannot be distinguished without DFT technique. The numerical simulation based on the coupled GLE equation reproduces the experimental results. XPM effect with higher pulse intensity reconstructs the pulse shaping dynamics, which can be called the dissipative vector soliton. However, it is distinct from the previous soliton and vector soliton operations [28] [29] [30] [31] [32] . These results will bring new understanding about soliton and give vitally new insight into the stable mode-locking operation that will aid in improving laser performance. Experiments. Figure 1 illustrates the experimental setup and measurement system. The detailed description is shown in Methods section. Mode locking initiates at the pump power of ~10 mW, and could maintain the single-pulse operation until ~14 mW. The soliton operation can be observed with the appropriate state of polarization controller (PC). The exemplary results are measured at ~13 mW and demonstrated in Fig. 2 . Figure 2 (a) shows the soliton spectral evolution dynamics with respect to the roundtrip. Obviously, the spectra at the odd roundtrip (ORT) and even roundtrip (ERT) display different peak wavelengths and intensity profiles, which can be also seen in Figs. 2(c) and 2(d). The single shot spectra at RT-39 (orange line) and RT-40 (magenta line) in Fig. 2 (d) display the asymmetric shape, but their superposition exhibits nearly symmetric Gaussian-shaped profile similar to the OSA-recorded spectrum. With respect to the center wavelength (1560nm) of the averaged spectrum, the spectra for ERT and ORT exhibit redshift and blueshift, respectively. The zigzag line in Fig. 2 (a) traces the swing of peak wavelength (λp) whose difference is ~4.3 nm.
Moreover, although the optical spectrum changes apparently, the fluctuation of the pulse train in Fig.   2 (b) could be almost negligible, which implies the uniformity of pulse energy. The radio frequency spectra of the laser as shown in Supplementary Fig. 1 further verify the stability of pulse train [44] .
It seems like the same to that of traditional stable mode-locking operation [22] [28] [45] . However, the spectral dynamics has not been reported ever before, and is completely distinct from the dynamics of dissipative soliton and the derivative states [1] [4] [15]- [20] [22]- [32] . x-axis and y-axis components in the simulation for (c) odd roundtrip (ORT) and (d) even roundtrip (ERT).
Numerical simulations. To confirm the experimental observations, the laser cavity is described with the cavity round-trip model to consider every action of the cavity components [32] [45] . The coupled Ginzburg-Landau equations (CGLEs) are employed to calculate the pulse propagation in the weakly birefringent fibers [1] [29] [32] . In our model, the terms of group-velocity dispersion (GVD), self-phase modulation (SPM), and XPM are included. However, an asymmetric solution is obtained, although no high-order term is considered. The simulation model is shown in Methods section in detail. Different from the previous results that the pulse evolution is self-consistent in one round [32] , pulses in our simulation evolve with the period of two roundtrips. So the spectra of output pulses over two consecutive rounds display the distinct features as shown in Fig. 3(a) , which is almost exactly the same as the experimental results in Fig. 2(a) . The two-dimensional contour plot is characterized by a zigzag contrail. Fig. 3 (b) shows the spectral profiles of two consecutive rounds which shift toward shorter and longer wavelength respectively and their superposition is symmetrical. The qualitative features of the simulation dynamics are roughly in accordance with the experimentally observed spectral shift in Fig. 2 . However, the spectral profiles, peak positions and intensities have obvious differences by comparison with the experimental results in Fig. 2(d) , which may be caused by the higher-order dispersion and higher-order nonlinear effects. The simulation results would be a steady solution, because it still follows the regular evolution when the simulation is operated for tens of thousands rounds. As the simulation based on the CGLE can nearly reproduce the experimental results, it indicates that the phenomenon originates from the birefringence in the fiber laser leading to enhanced XPM. As a result, the novel phenomenon is named as XPM-forced frequency-oscillating soliton (XFOS).
In fact, XFOS for each round consists of two orthogonal polarization components (along x and Supplementary   Fig. 3 . In ORT, pulses are firstly amplified in EDF and the spectrum firstly becomes narrow and then broadens, while the pulse is always compressed reaching the minimum after SA. The process is distinct from the general pulse evolution under the dispersion-managed condition [22] . As shown in Fig. 4(e) , the time-bandwidth product (TBP) at the position of around 5 m is the smallest in EDF, implying that the negative linear chirp (CL) has been compensated and pulses begin to be endowed positive CL. But pulses can continue to be compressed owing to the remained nonlinear chirp (CNL), and TBP increases actually with the broadening spectrum. Meanwhile, obvious blue shift and energy exchange can be observed for two orthogonal components. After the loss of SA, there is still a few energy exchange and the spectra begin red-shifting. Pulses are stretched by the dispersion of SMF, then entering the next roundtrip. In ERT, the variation of temporal width, energy and spectral width is similar to these in ORT, while it is reversed for λp exhibiting redshift before SA and blueshift after SA. The temporal and spectral profiles of XFOS swing like dancing during two roundtrips. The soliton dance is vividly illustrated in the animation of Supplementary Movies 1 and 2. The relative peak position (tp) in Fig. 4 (f) is to illustrate the dynamical pulse trapping. Noting that the temporal separation of two orthogonal polarized pulses is no more than 100 fs in the whole process and is much shorter than the pulse width, indicating that the two pulses can trap each other in the cavity, although the separation changes slightly owing to the influence of dispersion and birefringence. Evolution of (c) spectral peak (λp) and (d) bandwith (Δλ) for the two orthogonally polarized components and their superposition. (e) Evolution of time-bandwidth product (TBP) for two orthogonal components. (f) Evolution of pulse peak positions (tp) for the two orthogonal polarization components. The jagged line results from the time resolution in the simulation.
Discussion
The mechanism of traditional vector soliton is discussed firstly. For GLVS which exists under suitable birefringence, two orthogonally polarized components could trap each other against the birefringence by shifting their spectra to shorter and longer wavelengths, while the whole spectrum (superposition of two polarization) normally maintains the symmetrical shape [1] [27] [32] . GLVS can also be obtained with the theoretical model of this work, when the gain saturation energy is set as Es=25 pJ (see Supplementary Fig. 4 ). By comparison with XFOS, the evolution dynamics is obviously distinct that the frequency shift of two orthogonally polarized pulses is in the opposite rather than the same direction. It is also different from the conventional vector soliton that is reported in Ref. [1] , which should be attributed to the periodical stretch and compression of asymmetric spectra and pulses, the typical characters under dispersion-managed condition [22] [46] . The spectral variation depends on the fact that a negatively chirped pulse undergoes spectral narrowing through SPM (also known as inverse four-wave mixing [47] ) and spectra exhibits broadening with the initial positive frequency chirp [1] . However, it is still a conservation process under the periodically changed dispersion.
The evolution dynamics of XFOS also follows the similar rules, but is with a new balance of GVD, SPM, XPM, gain and loss, which can be explained as follows with the schematic diagram in Fig. 4(d) , corresponding to (iii) and (vii) in Fig. 5(a) ). During the processes, the off-center peak wavelengths would be shifted because of the asymmetric spectral profile originating from XPM. For pulses in (i) or (iii), the spectral peak possesses longer/shorter wavelength that is located at the trailing edge so that it would show blueshift. For pulses in (v) or (vii), the spectral peak possesses shorter/longer wavelength that is located at the leading edge so that it would show redshift. The nonlinear phase shift for two linear polarization components (φx and φy) can be expresses as φx=γ(Px+2/3Py)L and φy=γ(Py+2/3Px)L, respectively. Px and Py are the peak power of the two components, respectively, and L is the cavity length. CNL is δωx(T)=∂φx/∂T=γL(∂Px/∂T+2/3∂Py/∂T) and δωx(T)=∂φy/∂T=γL(∂Py/∂T+2/3∂Px/∂T).
Consequently, XPM can introduce the asymmetric nonlinear phase when two polarized pulses overlap incompletely, which leads to the formation of the asymmetric pulse and spectrum. During the evolution of XFOS, the frequency-shift rate will be modified by the XPM to accelerate the back pulse and decelerate the front pulse. On the other hand, XPM can also induce the nonlinear phase with the same sign as SPM to enhance SPM effect, which can be seen from Fig. 4 and also shown in Supplementary Fig. 6 . During the spectral narrowing process, the asymmetrical spectra gradually become more symmetrical as λp approaches 1560 nm. And it can also be believed that the XPMinduced asymmetry can be neutralized by SPM under negative CL. During the spectral broadening, the asymmetry is boosted by SPM under positive CL, as λp shifts away from center wavelength.
When CL is near zero, the wavelength distribution along temporal domain is dominated by CNL, and the evolution dynamics is more complicated. SPM-generated frequency components will broaden the spectrum for unchirped pulses [1] . The frequency shift can be compensated when pulses possess a slight negative CL. Owing to the combined action, the spectral bandwidth changes slightly during the transition from broadening to compression. However, the blueshift/redshift of pulses will be continued for the cases of (ii)/(vi), because the long/short wavelength components within the pulse trailing/leading edges have higher energy. The actually spectral variation is related to the shape of chirp which is demonstrated in Fig. 5(a) . For instance, around 5 m in Fig. 4 corresponding to (ii), the spectra continue to be blueshift without obvious variation of bandwidth. After the point with zero CL, the spectra can still exhibit blueshift, which is completely different from that of GLVS. It is found that the process is dependent on the pulse intensity. The propagation of pulses with different intensities is modelled by NLSE without gain and XPM effect (see Methods for details). As shown in Fig. 5(b) , pulses with low intensity (from 0.6I0 to 1.0I0) exhibit blueshift firstly and then turn into redshift, while λp of pulses with high intensity (2I0) always shifts to the shorter wavelength. High intensity can force λp to be shorter than 1560 nm before spectra begin to broaden. Under the circumstances, the spectral tilt direction indicating the spectral energy distribution is changed, and then λp exhibits blueshift with spectral broadening. Pulses with low intensity would not change the spectral vergence so that λp that is longer than 1560 nm shows redshift since more energy is located at trailing edge, which results in GLVS as shown in Supplementary Fig. 4 . The corresponding spectral evolutions are shown in the Supplementary Fig. 7 . For the cases from 1.2I0 to 1.7I0, they are the intermediate states. Although λp is shifted shorter than 1560 nm, it could change to be redshifted finally, because the spectral vergence is not changed and the energy is partial to longer wavelength. However, the spectral profiles have been deviated from the general asymmetric pulse shape. It should be noted that the underlying dynamics is similar for (vi). XPM and gain both can enhance the nonlinear effect inducing the change of spectral tilt direction, as shown in Fig. 5(c) and Supplementary Fig. 6(b) . Actually, to maintain the self-consistent of the evolution, λp should be just around 1560 nm with a nearly symmetrical spectrum when the spectrum is the narrowest. Higher nonlinear effect or pulse intensity will break the operation stability. The shifting rate of two polarized pulses can also be changed by XPM. λp of two orthogonal polarized pulses would firstly approach each other, and then move away from each other. For the cases of (iv) and (viii), the spectral tilt direction would not be changed and the shift direction of λp is revered accompanying with the slightly changed bandwidth. The difference of the formation condition for XFOS and GLVS is the pulse energy depending on the intracavity gain and loss. The larger pulse energy brings the larger nonlinear phase shift driving the wavelength to oscillate in a larger range. It should be noted that the frequency shift can reduce the nonlinear phase so that pulses can bear higher pulse energy. However, the wavelength difference of two polarized pulses is related to the linear birefringence, which can be more strictly restricted to the specific value by the larger pulse energy, i.e., the wavelength difference varies in a smaller range. To understand the formation of XFOS, it can be analogous to the forced oscillation of two vibrators connected with a spring. When the driving forces on two vibrators are nearly the same and within the magnitude and range of the elastic force of spring (weak coupling between two polarized solitons), two vibrators can oscillate simultaneously via moving toward the opposite directions, and keep the center of the spring still, like the process of GLVS in Supplementary Fig.   4 . When the elastic force of spring is much larger (strong coupling) and the range of driving forces also extend, the driving force hardly resonates with the spring. Slight difference of two driving forces would force two vibrators to oscillate as a whole in a larger range. Meanwhile, the distance of two vibrators will also change periodically. This process is similar to the coupled dissipative parametric resonator that can be used to elucidate the many-body time crystal [48] . Here, the results of two coupled solitons also show the period-doubling bifurcation revealing the possibility for the realization of time crystals in optics.
Seemingly, the results that the frequencies of two interacted soliton shift to the same direction are in conflict with the rule of energy conservation. The driving forcing of frequency oscillation originates from SPM and XPM which is a degenerate Four-wave mixing process [1] , accompanied with the variation of spectral profile and intensity. In fact, the frequency shift of two polarized solitons is not synchronous, but their separation would change periodically reflecting the soliton interaction. Some other effects also play important roles in the dynamics of XFOS, such as saturable absorption of SWNT-SA, gain competition and gain filtering effect. In fact, it's hard to explain every detail of the complex process. XFOS cannot be formed without dissipative conditions, which is the dynamic equilibrium dominated by XPM in a dissipative system. Noting that the self-consistent evolution depends on the periodical variation of pulse energy, XFOS would deviate from the general evolution path. This indicates the inherent dissipative characters of XFOS. Thus, XFOS can be regarded as a kind of dissipative vector soliton. The swing of λp in one round maintains the identical roundtrip time for two successive rounds, although the observed adjacent pulses from Fig. 2 have the different peak wavelengths, which challenge the stability of longitudinal mode. However, some symmetry beauty is included in the evolution of asymmetric pulses at two rounds, such as the center wavelength and bandwidth of x-axis component at ORT and y-axis component at ERT. The spectral superposition of two polarized pulses is nearly asymmetric along 1560 nm, the center wavelength of the average spectrum in Fig. 2 . Thus the superposition of two output adjacent pulses is almost symmetric that is similar to the typical soliton operation. The polarization features of XFOS are examined by using a PBS that can split pulses into two orthogonal polarization components. The polarization angle of pulses would be adjusted by the PC before PBS, inducing the different energy distributions between two branches, but the relative polarization relationship of two adjacent pulses would not be changed. The polarization evolution dynamics can be inferred like that for the studies of PRVS [28] [30] . Figure 6 demonstrates the typical results for three different cases with their pulse trains shown in Supplementary Fig. 8 . In the case of Fig. 6(a) , the majority of energy of all pulses can be concentrated on the vertical axis, which means that the polarization of all pulses is nearly parallel. The pattern in Fig. 6(b) implies that when the red-shifted pulses are concentrated on the vertical axis, the blue-shifted pulses will have to be split into two branches. As a result, the polarization of the adjacent pulses must have an angle. In fact, the splitting proportion can be changed by adjusting the intracavity PC, and Fig. 6(c) is the limiting case where red-shifted and blue-shifted pulses concentrate on the different branches. In this case, the polarization of adjacent pulses is nearly perpendicular. It seems to contradict the results in Supplementary Fig. 2 which is achieved with the different states of the PC before PBS. The distinct polarization evolutions can be explained by the different phases between the two orthogonal components. The coherent superposition of the two orthogonal components in Supplementary Fig.   2 (a) would yield the distinct polarizations. In this way, XFOS is further distinguished from vector soliton.
In conclusion, a XFOS is demonstrated in a dissipative system under weak linear birefringence by using DFT technique. Pulses would exhibit redshift and blueshift for two consecutive rounds, respectively, while their spectral superposition, pulse train and radio frequency have the similar features with that of traditional soliton operation. The relative angle of polarization directions of adjacent pulses can be tuned from orthogonal to parallel by adjusting the intracavity PC. In previous works, XFOS may be regarded as PLVS for Fig. 6 
Here, t and z are time and propagation distance, respectively. ux and uy donate the slowly varying envelopes of two orthogonal polarized pulses. 2Δβ=2πΔn λ, 2δ=2Δβλ 2πc, and Δn are the wave-number difference, inverse group velocity difference, and refractive index difference between two polarization modes, respectively. Here assuming all the fiber has the same birefringence, considering the fact that the birefringence is randomly distributed along the fiber and the polarization results from the accumulation appearance for all the intracavity fiber. λ is the operating wavelength, and c is the speed of light in vacuum. β2 is the second-order dispersion coefficient, and γ is the cubic refractive nonlinearity of the fiber. Ωg is the bandwidth of the laser gain. g is the saturable gain of the fiber and is set as zero for SMF. For the EDF, the gain saturation is described as g=g0exp(−Ep Es), where g0, Ep, and Es are the small-signal gain coefficient, pulse energy, and gain saturation energy, respectively. The saturable absorber is modeled by a transfer function with transmission of T=1-α0-α (1+P Psat), where α0 is the unsaturated loss, α is the modulation depth, P is the instantaneous pulse power, and Psat is the saturation power.
The CGLEs are solved with a standard split-step Fourier technique that converges to stable solutions. We use the following parameters in our simulations to possibly match the experimental conditions. g0=3 dB/m, Es=55.5 pJ, Ωg=40 nm, γ=4.5 W −1 km −1 and β2=20 ps 2 /km for EDF; γ=1.3 W −1 km −1 and β2=−21.7 ps 2 /km for SMF. The above parameters are obtained from the data sheets of fiber products. The total length of EDF and SMF are 8 and 9.9 m, respectively. λ=1560 nm, c=3×10 8 m/s; α=0.1, α0=0.5, Psat=50W; The fiber birefringence Δn is set as 5×10 -7 for all fibers. The initial condition used in our numerical simulation is a weak Gaussian pulse.
To compare the evolutions of pulse peak wavelength with different intensity, the conventional nonlinear Schrödinger equation (NLSE) is used to calculate the propagation of pulses. Here the effects of gain and XPM are excluded. 
where u(z, t) is the amplitude envelope of the pulse field, β2 is the dispersion of fiber and γ is the cubic refractive nonlinearity of the fiber. Here the used parameters are the same with EDF. We assume the x component of the pulse at position=0.01 m as the initial pulse (the temporal intensity profile is shown in Supplementary Fig. 6(a) ). The peak intensity of the initial pulse here is denoted as I0. The results are shown in Fig. 5(b) .
The nonlinear phase shift can be enhanced by gain and XPM. The evolutions of peak wavelength for the cases with XPM, with XPM and gain, without XPM and gain are calculated.
Equation (1) is utilized to model the propagation with XPM. When gain is not considered, g0 is set as 0. Equation (2) is utilized to model the propagation without XPM and gain. The x component of the pulse at position=0.01 m is assumed as the initial pulse.
